Published by Institute of Physics Publishing for SISSA/ISAS Received: October 2, 2003 Accepted: October 12, 2003

Closed string field theory with dynamical D-brane

Tsuguhiko Asakawa

Yukawa Institute for Theoretical Physics, Kyoto University Kyoto 606-8502, Japan E-mail: asakawa@yukawa.kyoto-u.ac.jp

Shinpei Kobayashi

Graduate School of Human and Environment Studies, Kyoto University Kyoto 606-8501, Japan E-mail: shinpei@phys.h.kyoto-u.ac.jp

So Matsuura

High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki, 305-0801, Japan E-mail: matsuso@post.kek.jp

Abstract: We consider a closed string field theory with an arbitrary matter current as a source of the closed string field. We find that the source must satisfy a constraint equation as a consequence of the BRST invariance of the theory. We see that it corresponds to the covariant conservation law for the matter current, and the equation of motion together with this constraint equation determines the classical behavior of both the closed string field and the matter. We then consider the boundary state (D-brane) as an example of a source. We see that the ordinary boundary state cannot be a source of the closed string field when the string coupling g turns on. By perturbative expansion, we derive a recursion relation which represents the bulk backreaction and the D-brane recoil. We also make a comment on the rolling tachyon boundary state.

Keywords: Bosonic Strings, D-branes, String Field Theory, Classical Theories of Gravity.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep102003023 /jhep102003023 .pdf

Contents

1. Introduction 1

2. Review of closed string field theory 3

3. Source term in closed string field theory 8 3.1 Constraint to a source of closed string field 8 3.2 Boundary state as a source 11 3.3 Perturbative expansions 13

4. Conclusion and discussion 16

A. Definition of the ∗-product in HIKKO’s SFT 17

B. Low energy effective action of the free closed string field theory 18

1. Introduction

Throughout the recent studies of the (super)string theories, we have obtained deep insights into the non-perturbative or the off-shell structure of the string theories. Especially, Dbranes have played extremely important roles. For example, the studies of BPS saturated D-brane systems made us discover the U-dualities between superstrings. The AdS/CFT correspondence [1] and the holographic renormalization group [2, 3] (for recent review, see ref. [4]) are also important examples that were found by studying D-brane systems. In addition to these non-perturbative properties, the understanding of the off-shell structure of string theories has greatly progressed by studying D-branes from the viewpoint of open string theory. For example, it was conjectured that unstable D-brane systems decay into the vacuum or lower dimensional D-branes through the tachyon condensation [5], and analysis using various methods supports the correctness of this conjecture (see e.g. [6, 7]). The rolling tachyon solution was also proposed, which is a time dependent background representing the rolling down of the open string tachyon field towards the bottom of its potential [8].

Another important feature of D-brane is that it is thought to be a soliton of closed string theory. This is well understood by expressing the D-brane as the boundary state [9, 10]. D-brane is originally defined as an object on which open strings can attach their end points. The corresponding boundary condition is determined so that it does not break the conformal symmetry of the world-sheet with the disk topology (the boundary CFT), and this symmetry enable us to transform the boundary condition for open strings into that for

– 1 – closed stings. The obtained state | B ⟩ is the boundary state which satisfies the boundary condition in terms of closed strings. Then, it can be viewed as a source in closed string theory [9, 10]. Namely, adding a boundary to the world-sheet is equivalent to adding a boundary state to the equation of motion for the closed string field as

Q | Φ ⟩ = − | B ⟩ , (1.1)

where Q is the BRST charge of the closed string. The nilpotency Q^2 = 0 implies that the admissible boundary states are characterized by the condition,

Q | B ⟩ = 0 , (1.2)

that is, BRST invariant boundary states give conformal backgrounds.

Open string dynamics on the D-brane can also be expressed by inserting an appropriate boundary interaction in the boundary state and they correctly describes the tachyon condensation which is mentioned above (see e.g. [11]). The rolling tachyon background can be also described in the same way [8]. Through the study of this rolling tachyon boundary state, it is found that the final state of this decay is not the closed string vacuum but a state with finite energy density and no pressure, which is called the tachyon matter [12]. However, in spite of many studies on the rolling tachyon and the tachyon matter [13, 14, 15], the relation between the closed string emission from the decaying D-brane and the tachyon condensation is not clear yet. This would be because the effect of closed string interactions are not taken into account in (1.1).

One of the main purpose of this article is to give a general formalism to deal with D-branes in a closed string field theory (closed SFT).^1 In other words, we will see what happens to (1.1) by turning on the closed string coupling g. In this article, we regard the boundary state as a matter current which couples to the closed string field. We first give a general formalism to determine the classical behavior of the closed string field when there is an arbitrary matter current which couples to the closed string field. Starting with adding a source term to the action of a closed SFT, we find a constraint equation that the source must satisfy and we see that the constraint equation plays an important role in this formalism. Although we adopt HIKKO’s closed SFT [18] as an example of a closed SFT because of its simplicity, we emphasize here that our argument does not depend on the detail of the theory but applicable to any kind of closed SFTs that is consistent at least at the tree level in the sense of BRST invariance, because our argument relies only on the BRST invariance of the theory in the tree level. One of our most interesting results is that the ordinary boundary state does not satisfy the constraint equation but must be modified so that it can be a consistent source of the closed string. We see that it is quite natural to expect that the modification is caused by open string excitations on the D-brane, which give dynamical degrees of freedom to the source.

The organization of this paper is the following. In section 2, we give a brief review of HIKKO’s closed SFT in order to confirm the notation that we use in this article. We explain the BRST and the gauge symmetry of the closed SFT in detail. In section 3,

1For another approach, see ref. [16, 17].

– 2 – we add a source term to the SFT action and derive the constraint equation mentioned in the last paragraph. We show that the equation follows from the nilpotency of the BRST transformation of the SFT. Applying the analysis to a boundary state, we show that the ordinary boundary state cannot be a source of the closed string field unless the closed string coupling g vanishes, and it must be modified by the interaction of the closed string field with the boundary so as to satisfy the constraint equation. We claim that the modification occurs as a consequence of open string excitations on the D-brane. We also make a comment of the rolling tachyon boundary state [8, 12]. The section 4 is devoted to the conclusion and discussions. In the appendix A, we explain the construction of the ∗-product of HIKKO’s SFT in detail. In the appendix B, we show explicitly that the free closed SFT actually reproduces the quadratic terms of the gravity theory if we restrict the closed string field up to the massless level. We also show that the gauge transformation of the free closed SFT correctly reproduces that for the fields in the gravity theory.

2. Review of closed string field theory

In this section, we briefly review a bosonic closed string field theory, that is discussed in ref. [18] (HIKKO’s closed SFT) in order to confirm our notations. We mainly follow the convention in refs. [19, 20], where the familiar conformal field theory (CFT) language is used to describe string field theories. We explain the ghost zero-mode structure of the string field and the BRST invariance of the action in detail, which are frequently used in later sections. We note that the discussion in the following section does not depend on the detail of HIKKO’s theory but only use the BRST invariance of the closed SFT (see below). The reason we use HIKKO’s closed SFT is only its simplicity.

Let us start with fixing the convention of the CFT that defines the bosonic string theory in the flat 26 dimensional space-time. The elementary fields are the 26 scalar fields X^μ(z, z), the holomorphic ghost fields b(z) and c(z), and the antiholomorphic ghost fields b(z) and c(z). If we set α^′ = 2, the mode expansions are [21] ∂X^μ(z) = −i ∞∑ n=−∞ α^μ_n z^{n+1} ,

b(z) = ∞∑ n=−∞ b_n z^{n+2} ,

c(z) = ∞∑ n=−∞ c_n z^{n−1} , (2.1)

and the antiholomorphic fields are similarly expanded into the oscillators {~α^μ_n,~b_n, ~c_n}. These oscillators satisfy the algebra,

[α^μ_m, α^ν_n] = [~α^μ_m, ~α^ν_n] = m η^{μν} δ_{m+n , 0} , (2.2) {b_m, c_n} = { ~b_m, ~c_n } = δ_{m+n , 0} . (2.3)

– 3 –

In this article, we adopt the following notation for the ghost zero-modes;

c^+_0 ≡ 1 2 (c_0 + ~c_0) , c^−_0 ≡ c_0 − ~c_0 ,

b^+_0 ≡ b_0 + ~b_0 , b^−_0 ≡ 1 2 ( b_0 − ~b_0 ) , (2.4)

which satisfy { b^±_0 , c^±_0 } = 1 . (2.5)

An arbitrary state in the Hilbert space of this CFT is obtained by acting some numbers of the oscillators on the SL(2, C)-vacuum | 0 ⟩ which satisfies

α^μ_n | 0 ⟩ = 0 (n ≥ 1) , b_n | 0 ⟩ = 0 (n ≥ −1) , c_n | 0 ⟩ = 0 (n ≥ 2) . (2.6)

As usual, we assign the ghost number 1 for c(z) and c(z) and −1 for b(z) and b(z). We also set the ghost number for the SL(2, C)-vacuum to be zero. Then, any physical states in the bosonic string theory (e.g., the tachyon state c_1~c_1 | k ⟩) have ghost number 2. Because of the ghost number anomaly on S^2, any non-zero matrix element should have ghost number 6. Then we take a convention,^2 ⟨ k^′ | | c_{−1}~c_{−1}c^−_0 c^+_0 c_1~c_1 | k ⟩ = (2π)^{26}δ^{26}(k − k^′) . (2.8)

Now we define a closed string field using the language of the CFT described above. Roughly speaking, an arbitrary closed string field is a vector in the Hilbert space of the above CFT, expressed as a linear superposition of the basis states with coefficients as target space fields. Additionally, the closed string field must satisfy the following two constraints [22], that is, the level matching condition,

L^−_0 | Φ ⟩ ≡ 1 2 ( L_0 − ~L_0 ) | Φ ⟩ = 0 , (2.9)

and the reality condition, ⟨ Φ | = ⟨ Φ_{hc} | , (2.10)

where L_0 (~L_0) is the zero-mode of the (anti)holomorphic Virasoro generators of the CFT and ⟨ Φ | and ⟨ Φ_{hc} | are the BPZ conjugate^3 and the hermitean conjugate of | Φ ⟩, respectively.

The closed string field can be decomposed into four sectors corresponding to the degeneracy of the closed string vacua due to the presence of the ghost zero-modes as

| Φ ⟩ = c^−_0 ( | ϕ ⟩ + c^+_0 | ψ ⟩ ) + ( | χ ⟩ + c^+_0 | η ⟩ ) . (2.11)

2The absence of an i in the right hand side is compensated by the following unusual definition of the hermitean conjugate [22], (⟨ Φ_{hc} | Ψ ⟩)^† = − ⟨ Ψ_{hc} | Φ ⟩ , (2.7) where ⟨ Φ_{hc} | expresses the hermitean conjugate of the state | Φ ⟩.

3The BPZ conjugate is defined via the conformal mapping I(z) = 1/z. The BPZ conjugate of the state | O ⟩ ≡ O(z = 0) | 0 ⟩ is ⟨ O | ≡ ⟨ 0 | I[O](z = 0).

– 4 –

However, in writing down the action of a string field theory with | Φ ⟩, we need only two of these sectors, and thus we impose another condition,^4

c^−_0 | Φ ⟩ = 0 , (2.12)

that is, | Φ ⟩ = c^−_0 | ϕ ⟩ + c^−_0 c^+_0 | ψ ⟩ . (2.13)

We assume that the physical target-space fields (dynamical variables) are in the sector | ϕ ⟩. Then the ghost number of | ϕ ⟩ turns out to be 2 and it becomes Grassmann even. As a result, the ghost number of | Φ ⟩ is 3, while that of the sector | ψ ⟩ is 1, which are both Grassmann odd. As we will see below, the target-space fields in the sector | ψ ⟩ are auxiliary fields. The fact that a string field has two sectors plays important role in the next section. In the following, in addition to the bracket notation above, we also denote a string field as a functional Φ with CFT fields as the coordinate. We freely use both expressions below.

Next, we give the action of HIKKO’s closed string field theory and describe its symmetries. The action is written as S = 1 2 Φ · QΦ + g 3 Φ · Φ ∗ Φ , (2.14)

Here g is the closed string coupling constant. Q is the (total) BRST charge in the flat background and is nilpotent Q^2 = 0. It is decomposed by the ghost zero-modes as

Q = c^+_0 L^+_0 + b^+_0 M^+ + Q^′ + · · · , (2.15)

with

L^+_0 ≡ L_0 + ~L_0 , (2.16)

M^+ ≡ − ∞∑ n=1 n (c_{−n}c_n + ~c_{−n}~c_n) , (2.17) Q^′ ≡ ∑ n≠0 ( c_{−n}L^{(m)}_n + ~c_{−n} ~L^{(m)}_n ) . (2.18)

Here, we have denoted the (anti)holomorphic Virasoro generators of the matter CFT as {L^{(m)}_n (~L^{(m)}_n ) | n ∈ Z}.^5 The “· · · ” in (2.15) contains terms with b^−_0 and c^−_0 , which have no effect to the action (2.14). The inner product · of string 1 (| Φ ⟩_1) and string 2 (| Ψ ⟩_2) is defined as

Ψ · Φ ≡ ⟨ R(1, 2) | b^{(2)−}_0 | Ψ ⟩_2 | Φ ⟩_1

= ⟨ Ψ | b^−_0 | Φ ⟩ , (2.19)

4Our notation is different from that of [22] where physical states are in the | χ ⟩ sector, i.e. b^−_0 | Φ ⟩ = 0 is imposed. As a consequence of this, various definitions below are different. However, we can easily change the convention, and the consequence of this paper is not affected by the choice of the convention.

5If we write the Virasoro generators of the ghost CFT as {L^{(g)}n (~L^{(g)}n ) | n ∈ Z}, the total Virasoro generators are expressed as Ln = L^{(m)}_n + L^{(g)}_n − δn,0.

– 5 – where the superscript of b_0 means that the oscillator b_0 belongs to string 2, and ⟨ R(1, 2) | is the reflector that maps an arbitrary state | O ⟩ to its BPZ conjugate ⟨ O |,

⟨ R(1, 2) | | O ⟩_2 =_1 ⟨ O | . (2.20)

The ∗-product is defined as a mapping from two string fields to one string field, which is written as | Φ ⟩ ∗ | Ψ ⟩ ≡ | Φ ∗ Ψ ⟩ . (2.21)

The more precise definition of the ∗-product in HIKKO’s SFT is summarized briefly in appendix A. However, the details of the ∗-product is not necessary in this article. We only need below is the following properties proved in ref. [18],

(1) Φ · Ψ = (−1)^{|Φ||Ψ|} Ψ · Φ , (2.22) (2) QΦ · Ψ = −(−1)^{|Φ|}Φ · QΨ , (2.23) (3) Φ ∗ Ψ = −(−1)^{|Φ||Ψ|} Ψ ∗ Φ , (2.24) (4) Q (Φ ∗ Ψ) = QΦ ∗ Ψ + (−1)^{|Φ|}Φ ∗ QΨ , (2.25) (5) (−1)^{|Φ||Λ|} (Φ ∗ Ψ) ∗ Λ + (−1)^{|Ψ||Φ|} (Ψ ∗ Λ) ∗ Φ + (−1)^{|Λ||Ψ|} (Λ ∗ Φ) ∗ Ψ = 0 , (2.26) (6) Λ · (Φ ∗ Ψ) = (−1)^{|Λ| (|Φ|+|Ψ|)} Ψ · (Φ ∗ Λ) = (−1)^{|Φ| (|Ψ|+|Λ|)} Φ · (Ψ ∗ Λ) , (2.27)

where |Φ| represents the Grassmann parity of the closed string field | Φ ⟩.

It is useful to see that, in the action (2.14), dynamical fields in the target-space are actually in the physical sector | ϕ ⟩. Substituting (2.13) into the free part of the action (2.14), we obtain

S_0 = 1 2 Φ · QΦ = 1 2 ⟨ ϕ | c^−_0 c^+_0 L^+_0 | ϕ ⟩ − 1 2 ⟨ ψ | c^−_0 c^+_0 M^+ | ψ ⟩ − ⟨ ψ | c^−_0 c^+_0 Q^′ | ϕ ⟩ . (2.28)

Recalling that only L^+_0 contains a term quadratic in momentum (or space-time derivative ∼ ∂^2), we see that only fields in | ϕ ⟩ have kinetic terms, and thus, dynamical fields are surely in | ϕ ⟩. On the other hand, since the second and the third terms of (2.28) have terms at most linear in the momentum, it can be understood that target-space fields in | ψ ⟩ are auxiliary fields. More explicitly, if we restrict the string field up to the massless level, we can show that the free action (2.28) reproduces the quadratic part of the low energy effective action of the bosonic string theory [24]. We perform it explicitly in the appendix B.

We next discuss the BRST and gauge symmetry of the action (2.14). They are governed by the general structure of the Batalin-Vilkovisky formalism [25]. First we define the BRST transformation [25] (see also [20]),^6

δ_Bb^−_0 Φ ≡ δ δΦ S , (2.29)

6It is also called as pre-BRST transformation or master transformation.

– 6 – then the BRST transformation of Φ in HIKKO’s closed SFT turns out to be

δ_BΦ = QΦ + gΦ ∗ Φ . (2.30)

The most important property of the BRST transformation is its nilpotency, and it is a direct consequence of the properties (3), (4) and (5) above,

δ^2_BΦ = δ_B (QΦ + gΦ ∗ Φ) = −Q (QΦ + gΦ ∗ Φ) + 2g (QΦ + gΦ ∗ Φ) ∗ Φ

= −Q^2Φ + g [ −Q (Φ ∗ Φ) + 2QΦ ∗ Φ ] + 2g^2 [ (Φ ∗ Φ) ∗ Φ ] = 0 . (2.31)

Properties (1)–(6) guarantee that the action S is the solution to so called (classical) BV master equation. Moreover, the nilpotency of the BRST transformation (2.31) is equivalent to the BRST invariance of the action (2.14),

δ_BS = 0 . (2.32)

This means that it is not necessary to add more interaction terms to the action (2.14) at least at the tree-level. Note that any other SFT with the BV structure defines its own BRST transformation and has the same property.

The nilpotency of the BRST transformation also guarantees the gauge invariance of the action under the gauge transformation

δ_ΛΦ ≡ QΛ + 2gΦ ∗ Λ . (2.33)

Here Λ is a gauge parameter, which is a closed string field with the ghost number two. To clarify the structure of the gauge transformation, let us decompose the first term of (2.33) in terms of | ϕ ⟩ and | ψ ⟩. To this end, we expand | Λ ⟩ as

| Λ ⟩ = c^−_0 | λ_1 ⟩ + c^−_0 c^+_0 | λ_2 ⟩ . (2.34)

Then we see that the gauge transformations for | ϕ ⟩ and | ψ ⟩ become

δ | ϕ ⟩ = −Q^′ | λ_1 ⟩ − M^+ | λ_2 ⟩ , (2.35) δ | ψ ⟩ = Q^′ | λ_2 ⟩ − L^+_0 | λ_1 ⟩ . (2.36)

Recalling that dynamical target-space fields are in | ϕ ⟩ and Q^′ contains the target-space differential in the first order, it turns out that the gauge parameters of the dynamical fields are in | λ_1 ⟩. Moreover, from the second term of (2.35), we see that some of the targetspace fields in the physical sector | ϕ ⟩ can be gauged away using the degree of freedom of | λ_2 ⟩.^7 The gauge transformation of the low energy fields are also discussed explicitly in the appendix B.

7An example of such a field is S(k) in the decomposition, | ϕ ⟩ = ∫ d^{26}k (2π)^{26} [ · · · − 1 √ 2 S(k) (c−1c1 + ~c−1~c1) + · · · ] | k ⟩ . For detail, see the appendix B.

– 7 –

3. Source term in closed string field theory

In this section, we discuss the general structure of HIKKO’s closed SFT with a source term. We first consider a closed SFT action with a source term and derive two equations that the closed string field and the source should satisfy classically. After that, we consider a boundary state as a source of the closed string field. We also make some comment on the rolling tachyon boundary state [8] from the view point of the closed SFT.

3.1 Constraint to a source of closed string field We start with the action of HIKKO’s closed SFT (2.14), which is invariant under the BRST transformation (2.30) and gauge transformation (2.33). We then add to it a source term as S = 1 2 Φ · QΦ + g 3 Φ · Φ ∗ Φ + Φ · J . (3.1)

Here J is considered to be some (yet unknown) matter current. In order that J correctly couples to the string field, it must be a state in the same Hilbert space as string fields live in. Therefore, | J ⟩ should satisfy the level matching condition L^−_0 | J ⟩ = 0 and the reality condition ⟨ J | = ⟨ J_{hc} | as (2.9) and (2.10). As for the closed string field, we expand J by the ghost zero modes as | J ⟩ = c^−_0 | j_ψ ⟩ + c^−_0 c^+_0 | j_ϕ ⟩ . (3.2)

Using (2.13), we see that | j_ψ ⟩ and | j_ϕ ⟩ couple to the sectors | ψ ⟩ and | ϕ ⟩, respectively;

Φ · J = ⟨ Φ | b^−_0 | J ⟩ = ⟨ ψ | c^−_0 c^+_0 | j_ψ ⟩ − ⟨ ϕ | c^−_0 c^+_0 | j_ϕ ⟩ . (3.3)

Recalling that the total ghost number should be 6, we see that j_ψ and j_ϕ must carry ghost number 3 and 2, respectively. This means that J has ghost number 4.

Applying the variational principle to the action (3.1), the equation of motion of this system is obtained:

QΦ + gΦ ∗ Φ + J = 0 . (3.4)

Since the bulk part of this equation of motion transforms covariantly under the gauge transformation (2.33), the current should also transform as

δ_ΛJ = 2gJ ∗ Λ . (3.5)

Here, it must be noted that the equation of motion (3.4) is not consistent for arbitrary J but it must satisfy a consistency condition. To find it, let us act the BRST charge Q on the left hand side of (3.4),

0 = Q ( QΦ + gΦ ∗ Φ + J ) = Q (J + gΦ ∗ Φ) = QJ + 2gΦ ∗ J . (3.6)

From the first line to the second line, we have used Q^2 = 0, and from the second line to the third line, we have used the equation of motion (3.4) and the identity, (Φ ∗ Φ) ∗ Φ = 0.

– 8 –

To understand what the equation (3.6) means, it is useful to consider the (non-abelian) Chern-Simons theory, which has a formal analogy with our situation. Its action with a source is S = ∫ 1 2 A ∧ dA + g 3 A ∧ A ∧ A + A ∧ J , (3.7) where A is some Lie algebra valued 1-form and matter current J is a 2-form. By using the covariant derivative D ≡ d + gA∧, the equation of motion of this system is given by F ≡ DA = −J . (3.8) Using the Bianchi identity DF = 0, it is straightforward from the equation of motion to show that the current should be covariantly conserved:

DJ = dJ + g (A ∧ J + J ∧ A) = 0 . (3.9)

This analogy tells us that the BRST transformation δ_B = Q + gΦ∗ plays the same role of the covariant derivative and the “Bianchi identity” corresponds to the nilpotency of the BRST transformation δ^2_B = 0. Then, not only the equation of motion (3.4), we must impose the “covariant conservation law” (3.6) to J as a consequence of the “Bianchi identity” (2.31). In fact, using the definition of the BRST transformation (2.30) and the fact that (3.4) can be written as δ_BΦ = −J, we obtain

0 = δ^2_BΦ

= −Qδ_BΦ − 2gΦ ∗ δ_BΦ = QJ + 2gΦ ∗ J . (3.10)

From this equation, although the BRST transformation for the current J has not been defined, we can symbolically rewrite this as

δ_BJ ≡ QJ + 2gΦ ∗ J = 0 , (3.11)

which corresponds to the covariant conservation law for the current (3.9). Note that the same discussion can also be applied to any other type of string field theory which has own BRST symmetry, since we have only used the equation of motion and the nilpotency of the BRST transformation in this derivation. In any case, the covariant conservation law takes the form δ_BJ = 0.

The physical meaning of the equation (3.11) can be better understood in the corresponding low energy effective theory: We can expect that the low energy counterpart of the equation (3.11) would be the covariant conservation law of the energy-momentum tensor in the general relativity, ∇^μ T_{μν} = 0 , (3.12)

where T_{μν} is the matter energy-momentum tensor. One reason which supports it is that there is a one-to-one correspondence between each step of the derivations of (3.12) and (3.11). As is well known, the equation (3.12) can be derived from the Einstein equation, R_{μν} − 1 2 Rg_{μν} = κT_{μν} , (3.13)

– 9 – together with the Bianchi identity, ∇^μ ( R_{μν} − 1 2 Rg_{μν} ) = 0 . (3.14)

On the other hand, as mentioned above, the equation (3.11) is a consequence of the equation of motion (3.4) and the nilpotency of the BRST transformation (2.31). Since the closed SFT contains graviton as a massless field, it is believed that at low energy (3.1) reduces to the Einstein-Hilbert action with some matter source.^8 Moreover, the general covariance is a part of the gauge symmetry of the bulk SFT, which is guaranteed by the nilpotency (2.31). Therefore, it is plausible to regard the equation (3.12) as the low energy counterpart of the equation (3.11). Another reason supporting this conjecture is the direct decomposition of the equation (3.11) into the component fields. To see this, let us decompose the physical sector of the closed string field as (B.1) and look only the graviton part. Correspondingly, the components of the source J which couple to the graviton through (3.3) are given by | j_ϕ ⟩ = ∫ d^{26}x [ A_{μν} (x) ( α^μ_{−1} ~α^ν_{−1} + α^ν_{−1} ~α^μ_{−1} ) + B(x) ( b_{−1}~c_{−1} + ~b_{−1}c_{−1} ) + · · · ] c_1~c_1 | x ⟩ , (3.15) where A_{μν} and B are arbitrary functions. Their combination T_{μν} (x) ≡ A_{μν} (x) + η_{μν} B(x) is the leading part of the energy-momentum tensor [12]. Then one can roughly estimate the equation (3.11) as^9

(∂T )_μ (x) + g [ (h · ∂T )_μ (x) + (∂h · T )_μ (x) ] = 0 . (3.16)

On the other hand, if we expand the metric as g_{μν} = η_{μν} + κh_{μν} , the equation (3.12) has the same tensor structure as above at the first order in h_{μν} .

Now we understand that the condition (3.11) is a generalization of the covariant conservation law (3.12) to the SFT, which includes all contribution from massive fields. In the same sense, the second line of (3.6);

Q (J + gΦ ∗ Φ) = 0 , (3.17)

would be the counterpart of the total energy conservation in gravity theory originating both from the matter and from the self-gravitating energy; ∂^μ [√ −g (T_{μν} + t_{μν} ) ] = 0 , (3.18)

where t_{μν} is so called the gravitational energy-momentum pseudotensor density. In the gravity theory, the conservation law (3.18) is a direct consequence of the diffeomorphism invariance of the total system of the gravity and the matter. Correspondingly, the equation (3.11) should be a consequence of a gauge symmetry of the SFT. Although the SFT

8We here ignore other massless fields and tachyon, for simplicity. Note also that the graviton in the SFT and that of Einstein action is in general related by the non-linear field redefinition [24].

9We ignored corrections comes from other component, higher derivative terms and so on. We also neglect numerical coefficients in front of the second and third term, which are highly dependent on the detail on the ∗-product.

– 10 – action (3.1) is not invariant under the gauge transformation (2.33) and (3.5), the complete system which includes both the closed string field and the matter field (e.g. an open-closed SFT) must have a gauge symmetry. Once the action of the complete system is given, the equation (3.11) would also be required as a consequence of the gauge symmetry.

Here, we emphasize that the matter current J is considered not to be an external source but a dynamical one. Therefore, in solving the equation of motion, we should also take into account the covariant conservation law, that is, the equation (3.11). Of course, if the full action of the system with the closed string and the matter is explicitly given, the covariant conservation law of the matter current will be automatically satisfied as a consequence of the equation of motion of the matter. However, since it is not the case now, we must solve the equations (3.4) and (3.11) simultaneously.

3.2 Boundary state as a source From now on, we restrict our attention to boundary states and regard them as sources for the closed string field. To be more precise, we consider the boundary state | B_p ⟩ which describes a (bosonic) Dp-brane, extended in x^α (α = 0, · · · , p) direction and sitting at x^i = 0 (i = p + 1, · · · , 25). As explained in the introduction, the boundary state is obtained by performing the modular transformation for the boundary condition of open strings. In the above case, we impose the Neumann boundary conditions for X^α and the Dirichlet boundary conditions for X^i. The boundary conditions for the ghost fields are determined so as the total boundary state is BRST- invariant,

Q | B_p ⟩ = 0 . (3.19)

Then, the obtained state is (see, e.g., ref. [26]) | B_p ⟩ ≡ T_p 2 δ^{25−p}(x^i) exp {_∞ ∑ n=1 ( −1 n α^μ_{−n}S_{μν} ~α^ν_{−n} + c_{−n}~b_{−n} + ~c_{−n}b_{−n} )} c^+_0 c_1~c_1 | 0 ⟩ ,

(3.20) where T_p is the tension of the Dp-brane and S_{μν} ≡ (η_{αβ} , −δ_{ij} ). It is a state in the closed string Hilbert space with ghost number 3. We note that equation (3.19) consists of two equations decomposed by the ghost zero-modes. In fact, acting the BRST charge (2.15) on (3.20), we see that the boundary state satisfies following equations separately:

Q^′ | B_p ⟩ = 0 , b^+_0 M^+ | B_p ⟩ = 0 . (3.21)

In order to regard the boundary state as a source for the physical sector of the closed string field | ϕ ⟩, it is first required to multiply c^−_0 to (3.20);

| J ⟩ ≡ c^−_0 | B_p ⟩ . (3.22)

Then, it has the correct ghost number 4 and satisfies the level matching and reality conditions. Note also that it has the nonvanishing component only in the | j_ϕ ⟩ sector in (3.2), which couples to the | ϕ ⟩ sector as shown in (3.3). Here, from (3.19) and the level matching condition, we can prove easily that J is also BRST invariant:

QJ = 0 . (3.23)

– 11 –

Comparing this to the equation (3.11), it is obvious that the boundary state | B_p ⟩ is a source of the closed string field only when the closed string coupling constant vanishes. In other words, when g ≠ 0, the usual BRST invariant boundary state cannot be a source for the closed string field (unless B_p ∗ Φ = 0). This means that, if the closed string coupling is turned on, the boundary state must be modified so that it satisfies the condition,

δ_BJ = 0 . (3.24)

We can then regard this J as a matter current that truly describes a D-brane. The necessity of this modification is not surprising. In fact, it is consistent with the usual picture of the string perturbation theory: Since a D-brane is a non-perturbative object and has mass ∼ 1/g, it is infinitely heavy in the limit g → 0 so that it behaves as a rigid hyperplane in the space-time and this defines a conformal background. When small g is turned on, it is still heavy but can receive some recoil effect from the bulk and behaves as a nonrelativistic object moving in the space-time. To maintain the unitarity, there should be collective coordinates for the D-brane [33] and they give the dynamical degrees of freedom for the source. Therefore, it is quite natural to assume that this modification is due to the open string excitation: it is schematically written as | J ⟩ = e^{−Sb[X]} | B_p ⟩ , (3.25) where S_b[X] is an appropriate boundary interaction [9]. In the presence of the boundary state | B_p ⟩ alone, the space-time symmetry such as the translational symmetry in the x^i direction is generally broken. On the other hand, since the modified current J contains the collective coordinate for the broken symmetry, e.g., the scalar fields on the D-brane, it can keep the global gauge symmetry. As a result, the current becomes a dynamical source and the equation (3.24) would effectively describes the behavior of the open string excitations on the D-brane. In the next subsection, we will discuss this point in more detail.

The same discussion can be applied to the rolling tachyon boundary state [8]. The rolling tachyon is defined by inserting exact marginal tachyon vertices at the world-sheet boundary and is expected to be a solution which describes the rolling down of the open string tachyon from the top to the bottom of the potential. According to the conjecture made by A. Sen [5], it is believed that it describes the process that the unstable D-brane system decays by emitting closed strings [15]. However, as for the usual boundary state, the rolling tachyon boundary state | B ⟩_{rolling} can be a source of a closed string field only when g vanishes,^{10} because it satisfies the condition,

Q | B ⟩_{rolling} = 0 . (3.26)

In fact, as pointed out in [12] the (not covariant) conservation law of the energy momentum tensor of the D-brane, ∂^μT_{μν} = 0 , (3.27)

10Another possibility is that B_{rolling} and the classical solution of the closed string field Φ satisfy the relation B_{rolling} ∗ Φ = 0. However, it is highly nontrivial.

– 12 – follows from the condition (3.26). This means that the energy exchange between D-brane and the bulk closed strings is completely ignored.^{11} Our claim is that if the closed string coupling g is turned on, we must modify not only the classical solution of Φ but also the source so that it satisfies the equation (3.11). Here the modification would be again the form (3.25) with | B_p ⟩ is replaced with | B ⟩_{rolling} . Note that if the original BRST invariant boundary state | B ⟩ is stable, such as the BPS D-brane boundary state in type-II string theory, the modified state | J ⟩ in (3.25) should still represent a D-brane. However, if it is unstable, such as bosonic D-branes or the rolling tachyon boundary state, then | J ⟩ need not express a D-brane but may decay into something by the condensation of the open string. Anyway, the classical solution of the bulk closed string field is deformed by backreaction from the boundary state and the boundary state is also deformed by the backreaction from the bulk so as to satisfy (3.4) and (3.11) simultaneously. We note here that the total energy conservation is still guaranteed by (3.17). As a result, the obtained boundary state would correctly describe the decaying D-brane with emitting closed strings.

3.3 Perturbative expansions

In this subsection, we sketch a method to solve the equations (3.4) and (3.11) in which we start with a rigid boundary state satisfying Q | B ⟩ = 0 and then deform it perturbatively. It is closely related to the viewpoint of the usual world-sheet theory.

We first expand both the closed string field and the boundary state in the closed string coupling g as Φ = ∞∑ n=0 g^nΦ_n , J = ∞∑ n=0 g^nJ_n . (3.28)

We take the lowest component as the (rigid) boundary state:

| J_0 ⟩ = c^−_0 | B_p ⟩ . (3.29)

Note that both the expansion begin with the zero-th order in g. It is understood by the corresponding low energy theory (see appendix B).

By substituting (3.28) into the equations (3.4) and (3.11), we obtain the recursion formulae for n + 1 ≥ 0,

QΦ_{n+1} = −J_{n+1} − n∑ m=0 Φ_m ∗ Φ_{n−m} ,

QJ_{n+1} = 2 n∑ m=0 J_m ∗ Φ_{n−m} . (3.30)

These equations say that, with given J_0, other components J_n (n ≥ 1) and Φ_n (n ≥ 0) will be determined recursively. To be precise, each component has two sectors according to the structure of the ghost zero-modes. Now we make the following ansatz to this ghost structure. First, all the component J_n (n ≥ 1) is in the same sector as J_0, that

11See also the similar argument based on the low energy effective theory [27] and based on the toy model for open-closed SFT [28, 29].

– 13 – is, in the sector | j_ϕ ⟩. This indicates that only the physical sector | ϕ ⟩ is coupled to it. Correspondingly, we restrict the component fields of the string field to the physical targetspace fields. That is, we require | Φ ⟩ = c^−_0 | ϕ ⟩ , (3.31)

together with M^+ | ϕ ⟩ = 0 . (3.32)

The last condition is necessary to eliminate such fields in | ϕ ⟩ as do not couple to the boundary state. For example, the field S(x) in the expansion (B.1) is eliminated by the condition (3.32). The meaning of this will become clearer below.

With these simplifications, the expansion (3.28) is rewritten as

| Φ_n ⟩ ≡ c^−_0 | ϕ_n ⟩ , | J_n ⟩ ≡ c^−_0 c^+_0 | j_n ⟩ . (3.33)

Then each equation in (3.30) are decomposed into two sectors as { Q^′ | ϕ_{n+1} ⟩ = 0 , M^+ | j_{n+1} ⟩ = 0 ,

(3.34)

and L^+_0 | ϕ_{n+1} ⟩ = | j_{n+1} ⟩ + b^+_0 b^−_0 n∑ m=0 | Φ_m ∗ Φ_{n−m} ⟩ , Q^′ | j_{n+1} ⟩ = 2b^+_0 b^−_0 n∑ m=0 | J_m ∗ Φ_{n−m} ⟩ . (3.35)

Here, equations (3.34) are in the sector c^−_0 | · · · ⟩, whereas equations (3.35) are in the sector c^−_0 c^+_0 | · · · ⟩. We have used the assumption that both of Φ ∗ Φ and J ∗ Φ are in the latter sector under the conditions (3.29), (3.31) and (3.32).^{12} We have eliminated the ghost zero-mode factor c^−_0 c^+_0 by multiplying b^+_0 b^+_0 in front of the ∗-products.

The equations in (3.34) are constraint equations for the allowed degrees of freedom. The first equation in (3.34) together with (3.32) requires that the non-zero component state in the closed string field be in “off-shell but physical” states [30]. Recalling that (Q^′)^2 ∝ M^+L^+_0 , the operator Q^′ is nilpotent on the restricted space satisfying (3.32). Then first equation in (3.34) says that | ϕ ⟩ is in the Q^′-cohomology. As seen from the definition of Q^′ (2.18), it means the physical state condition except for the on-shell condition. Such a state is also called as the softly off-shell state. Since the classical solution is in general off-shell (i.e., not the solution of the free equation of motion), it is a suitable condition. In fact, for the massless state, it gives the usual harmonic gauge condition, after appropriate field redefinitions [9].

On the other hand, the second equation of (3.34) says that the source | j_n ⟩ still have one of the same property as the original boundary state | B_p ⟩, i.e., M^+ | B_p ⟩ = 0 in (3.21). This guarantees that the fields which are coupled to the boundary state satisfies the condition (3.32) even after turning on the closed string coupling g.

12It is true for Φ ∗ Φ and we have ascertain it explicitly for massless sector of J ∗ Φ. But we do not have concrete proof yet.

– 14 –

Under the constraints given by the equations (3.34), the equations (3.35) determine the classical solution of the string field and the consistent boundary state. To understand the structure of the equations (3.35), it is useful to write down the first few equations in (3.35),

Q^′ | j_0 ⟩ = 0 , (3.36) L^+_0 | ϕ_0 ⟩ = | j_0 ⟩ , (3.37) Q^′ | j_1 ⟩ = 2b^+_0 b^−_0 | J_0 ∗ Φ_0 ⟩ , (3.38) L^+_0 | ϕ_1 ⟩ = | j_1 ⟩ + b^+_0 b^−_0 | Φ_0 ∗ Φ_0 ⟩ , (3.39) . . From these equations, it is clear that, once the first component of the boundary state | j_0 ⟩ is given, the equations (3.35) determine | ϕ_n ⟩ and | j_n ⟩ successively. Below, we make some comments on each of the equations (3.36)–(3.39):

The first equation (3.36) is satisfied by our assumption (3.29). Since the action of Q^′ on | j_0 ⟩ is same as that on | B_p ⟩, given by

Q^′ | B_p ⟩ = ∑ n≠0 c_{−n} ( L^{(m)}_n − ~L^{(m)}_{−n} ) | B_p ⟩ , (3.40)

it (with the level matching condition) states that the presence of the source | j_0 ⟩ keeps the conformal invariance. Together with the second equation in (3.34), it is equivalent to the BRST invariance for the source in the lowest component (see (3.21)). Moreover, it implies that we can start with any type of BRST invariant boundary states, which is considered to be the conformal background. For example, a boundary state with a constant electric or magnetic flux turned on, that with traveling waves, the rolling tachyon boundary state, and so on.

The second equation (3.37) carries the information on the off-shellness in the presence of the source | j_0 ⟩. It is nothing but the the equation of motion in the case of free SFT with a source term. As discussed in ref. [31], it determines the leading term of the classical solution (i.e., long range behavior) of the bulk fields when there is a BRST invariant boundary state. As originally discussed in [9], it is also related to the cancellation for divergences: in the cylinder diagram a closed string IR divergence comes from the long cylinder limit, and it is canceled by adding a disk diagram with a closed string insertion. In other words, the presence of the boundary induces the closed string tadpole.

The third equation (3.38) determines the first order modification of the boundary state from the original one, | j_0 ⟩. It is necessary because of the breaking of the original conformal invariance by the closed string tadpole ϕ_0. Namely, it is the backreaction on the source coming from the change of the bulk. As mentioned in the previous subsection, it is natural to interpret that the change is due to an open string excitation on the D-brane. Then, the equation (3.38) says that the open string excitation is induced by the insertion of the closed string tadpole on the disk. It strongly suggests that when the tadpole getting closer to the boundary, the operator product expansion of the closed string vertex with its mirror image causes a divergence and it is canceled by this open string vertex insertion. This is

– 15 – the similar situation of the D-brane recoil [33, 34] where the annulus divergence coming from open string IR regime is canceled by the open string non-local insertion, although the correct relation between our analysis and these works are not yet clear.

The fourth equation (3.39) can determine the next leading term of the classical solution. The physical interpretation of this equation is obvious, that is, the first term of (3.39) means the backreaction coming from the change of boundary in the same way as (3.37) and the second term comes from the source due to the self-interaction of the string field.

In this way, once a BRST invariant source is given, both of the backreaction on the bulk and the boundary can be determined successively.

4. Conclusion and discussion

In this paper, we presented a general framework for the closed strings in the presence of an arbitrary matter current. Starting with a closed string field theory with an arbitrary source term, we derived a couple of equations, one is the equation of motion for the closed string field, and the other is a constraint equation which expresses the covariant conservation law for the matter current. We discussed that we need both of the equations to describe the classical behavior of closed strings in the presence of the matter current. We also argued that our discussion can be regarded as a generalization of that of the general relativity, including the contribution from full massive fields. Then we applied our argument to Dbranes. We claimed that the usual BRST invariant boundary state is not a consistent source, but it should be modified by turning on dynamical degrees of freedom so that it satisfies the constraint equation. By perturbative expansion, we saw that the equation of motion and the covariant conservation condition describe the backreaction on the source and on the bulk, successively. This also suggests that the dynamical degrees of freedom are due to open string excitation.

Since this is our first attempt to take into account the D-brane dynamics in the theory of off-shell closed strings, there are many issues that are not discussed in this paper and remained to be done. First, we should apply our method sketched in section 3.3 concretely to some definite matter, for example, a boundary state. From our discussion, it is expected that we would obtain a classical solution of the closed string field in the presence of D-brane with open string excitations. To perform it explicitly, we need the detail of the ∗-product. Technically, the calculation of the ∗-product can be done either by the oscillator formalism or by the CFT technique. In the former case, it would be useful to use the level truncation approximation [6] even for the closed SFT. The approach using the CFT technique might also help to clarify the relation of our condition to the usual world-sheet picture.

Another interesting issue is to apply our argument to a time dependent matter source. In our formalism, it is possible, at least formally, to obtain a solution which really describes the decaying process to the vacuum through the emission of the closed strings. Practically, we can use the rolling tachyon boundary state as the starting point and modify it by the perturbation as explained in section 3.3. It is a fascinating issue to decide whether the modified boundary state starting from the rolling tachyon boundary state correctly describes the decaying process of non-BPS D-branes. Our argument could also apply to

– 16 – gravity theories. For example, if we find a solution that describes the decaying process of some extended object, the low energy limit might express the classical solution for the black hole evaporation. It may be also interesting to apply it to the D-brane inflation which is the original form of the inflationary brane model [35]. Furthermore, the system we proposed in this paper includes the self-interaction of string fields, so the low energy limit of it would have something to do with self-gravitating brane models [36]. Note, however, that in order to relate the target-space field contained in the SFT to that of the low energy gravity, some field redefinition is needed.

Applying our argument to the superstring theories is also one of the important future works, although there are technical difficulties coming from the closed super-SFT. If it is overcome, we could consider sources with NSNS or RR charged objects and discuss various dualities. For instance, our setting seems quite useful to understand the AdS/CFT correspondence at the more fundamental level. The essence of the AdS/CFT correspondence is the duality between the open string theory on a D-brane and the closed string theory in the background of the classical geometry made by the D-brane. Recalling that our analysis produces both of the classical configuration of the closed string field and the open string excitation of the D-brane simultaneously, the AdS/CFT correspondence (more generally, the open/closed duality) might appear in the analysis. This would be worth considering even in the bosonic string field theory.

Finally, we make a comment of the relation between our formalism using a matter current and the quantum theory that governs the dynamics of the matter. In a realistic model, the matter current which we have considered through out this article is thought to consist of some “matter fields” and there should be an appropriate action which describes their dynamics. Especially, in the case of the D-brane, the matter field would be the open string field, and thus, we may consider that we must investigate a consistent open/closed string field theory in the presence of the D-brane. However, although constructing such a SFT is actually important future subject, it is sufficient to treat the matter as a current in determining the classical behavior of the closed string field. A similar situation is seen in the Maxwell’s theory. In fact, we can determine the classical configuration of the electromagnetic fields in the presence of an electric current even if we do not know the fact that the current consists of the electrons which are governed by the QED.

Acknowledgments

The authors would like to thank to T. Kugo, T. Nakatsu, H. Kajiura, T. Takayanagi, M. Fukuma, T. Sakai, J. Nishimura, T. Suyama, H. Fuji, M. Sakagami and K. Hashimoto for helpful discussions. The work of T.A. was supported in part by JSPS Research Fellowships for Young Scientists.

A. Definition of the ∗-product in HIKKO’s SFT

In this appendix, we briefly summarize the definition of the ∗-product of HIKKO’s closed SFT. We note that the interaction vertex of any kind of closed SFT can be defined in the same way.

– 17 –

In defining the ∗-product, using the CFT language makes the discussion clear and elegant. We first define LPP’s 3-point vertex following ref. [23], which is determined uniquely if we give three conformal mappings {h_r | r = 1, 2, 3} from unit disks (with coordinate w_r) to a sphere (with coordinate z) as, ⟨ v^{LPP}_{123} | | | ϕ_3 ⟩_3 | ϕ_2 ⟩_2 | ϕ_1 ⟩_1 ≡ ⟨ h_3 [ϕ_3] (z_3) h_2 [ϕ_2] (z_2) h_1 [ϕ_1] (z_1) ⟩ S^2

, (A.1)

where | ϕ_r ⟩_r ≡ ϕ_r(w_r = 0) | 0 ⟩_r (r = 1, 2, 3) are arbitrary states on disks. The r.h.s. is the three point correlation function on S^2. Each map h_r determines the conformal transformation of the vertex operator ϕ_r(w_r = 0) at the origin on the disk to the one at z_r on the sphere. For HIKKO’s closed SFT, the conformal mappings {h_r | r = 1, 2, 3} are defined as the composition of two conformal maps, h_r ≡ f_M ∘ g_r : w_r → z. Here, g_r : w_r → ρ , is the mapping from disk r to the cylinder (ρ-plane)^{13} with

ρ = α_1 ln w_1 , α_2 ln w_2 + 2πiα_1 , α_3 ln w_3 + 2πi (α_1 + α_2) ,

(A.2)

and f_M : ρ → z, is given by (the inverse of) the Mandelstam mapping, ρ = 3∑ r=1 α_r ln (z − z_r) . (A.3)

The parameters {α_r | r = 1, 2, 3} in (A.2) and (A.3) are the string length parameters [18] which satisfy the condition, α_1 + α_2 + α_3 = 0. Above map (A.2) corresponds to the case where α_1, α_2 > 0, α_3 < 0. Note that this construction is generalized to arbitrary N-point vertex while we need only the 3-point one here. Using the LPP vertex above, the 3-point vertex of HIKKO’s closed SFT is given by

⟨ V_{123} | ≡ ∫ 3∏ r=1 dσ_r 2π dα_r δ(α_1 + α_2 + α_3) ⟨ v^{LPP}_{123} | b^{(1)−}_0 b^{(2)−}_0 b^{(3)−}_0 . (A.4)

Now the ∗-product for two string fields is defined by

b^{(4)−}_0 | Φ ∗ Ψ ⟩_4 ≡ ⟨ V_{123} | | R(3, 4) ⟩ | Φ ⟩_2 | Ψ ⟩_1 , (A.5)

or equivalently, combining with the inner product as

Λ · (Φ ∗ Ψ) ≡ ⟨ V_{123} | | Λ ⟩_3 | Φ ⟩_2 | Ψ ⟩_1 . (A.6)

B. Low energy effective action of the free closed string field theory

In this appendix, we explicitly decompose the closed string field into component fields and show that the low energy action of the free part of the SFT action (2.28) reproduces the

13Here, wr is assumed to be represented as wr = exp (τr + iσr) (−∞ < τr ≤ 0, 0 ≤ σr < 2π).

– 18 – quadratic part of the low energy effective action of the bosonic string theory. After that, we write down the gauge transformation of the component fields explicitly and show that the g → 0 limit of the gauge transformation (2.33) gives the proper gauge transformations of the gravity fields.

We decompose | ϕ ⟩ and | ψ ⟩ as following, | ϕ ⟩ = ∫ d^{26}k (2π)^{26} {[ T (k) + 1 2 √ 2 ^h_{μν} (k) (α^μ_{−1} ~α^ν_{−1} + ~α^μ_{−1}α^ν_{−1}) + + 1 2 √ 2 B_{μν} (k) ( α^μ_{−1} ~α^ν_{−1} − ~α^μ_{−1}α^ν_{−1} ) − − 1 √ 2 ^D(k) ( c_{−1}~b_{−1} + ~c_{−1}b_{−1} ) + + 1 √ 2 S(k) ( c_{−1}~b_{−1} − ~c_{−1}b_{−1} ) + · · · ] c_1~c_1 | k ⟩ } , (B.1) | ψ ⟩ = ∫ d^{26}k (2π)^{26} {[ − i √ 2 b_μ(k) ( b_{−1} ~α^μ_{−1} + ~b_{−1}α^μ_{−1} ) + + i √ 2 e_μ(k) ( b_{−1} ~α^μ_{−1} − ~b_{−1}α^μ_{−1} ) + · · · ] c_1~c_1 | k ⟩ } . (B.2)

From the reality condition (2.10), we see that all the component fields are real; T^∗(k) = T (−k). Substituting the expansion (B.1) and (B.2) into the free SFT action (2.28), we obtain

S_0 = ∫ d^{26}x { − 1 2 T ( ∂^2 − 2 ) T + 1 4 ^h^{μν} ∂^2^h_{μν} − 1 4 B^{μν} ∂^2B_{μν} + 1 2 ^D∂^2 ^D − 1 2 S∂^2S− − b_μ ( ∂^ν^h_{μν} + ∂_μ ^D ) − e_μ (∂^ν B_{μν} − ∂_μS) + 1 2 b^2 + 1 2 e^2 } . (B.3)

In this action, b_μ(x) and e_μ(x) are auxiliary fields and can be integrated out. At the same time, we redefine the fields ^h_{μν} and ^D as ^h_{μν} ≡ h_{μν} + η_{μν} D , ^D ≡ D + 1 2 h^μ_μ . (B.4)

The obtained result is^{14}

S_0 = ∫ d^{26}x { 1 2 [ |∂T |^2 + 2T^2 ] − − 1 2κ^2 (√ −gR ) 2 + 6 |∂D|^2 + 1 12 |H_{μνρ}|^2 } , (B.5)

where the metric is expanded around η_{μν} as g_{μν} ≡ η_{μν} + κh_{μν} and − 1 2κ^2 (√ −gR ) 2 ≡ − 1 4 h^{μν} ( ∂^2h_{μν} − 2∂_ν ∂^ρh_{μρ} + 2∂_μ∂_ν h^ρ_ρ − η_{μν} ∂^2h^ρ_ρ ) , (B.6)

14We have used the fact that the field S(x) can be gauged away, which we will mention in the end of this appendix.

– 19 – is the quadratic part of the Einstein-Hilbert lagrangian. H_{μνρ} represents the field strength of B_{μν} , H_{μνρ} ≡ ∂_μB_{νρ} + ∂_ν B_{ρμ} + ∂_ρB_{μν} . (B.7) Then we have shown that (B.5) reproduces the quadratic part of the low energy effective action of the bosonic string theory in the Einstein frame, and thus, it turns out that the component fields T (x), h_{μν} (x), D(x) and B_{μν} (x) actually correspond to the tachyon, graviton, dilaton and antisymmetric two tensor field, respectively. We note here that the expansion of the low energy effective action starts from the zero-th order in the gravitational coupling κ. Similarly, since the source term for the gravity theory is written as

S_0 ∼ 1 κ ∫ d^{26}x [ g^{μν} (x)T_{μν} (x) + · · · ] , (B.8)

the expansion of the source action also starts from the zero-th order in κ. Recalling κ ∝ g, this fact guarantees the correctness for the perturbative expansion of Φ and J in (3.28).

Next, we write down the gauge transformation of the component fields. To this end, we expand the gauge parameter string field | Λ ⟩ = c^−_0 | λ_1 ⟩ + c^−_0 c^+_0 | λ_2 ⟩ as

| λ_1 ⟩ = ∫ d^{26}k (2π)^{26} { i √ 2 ϵ_μ(k) ( ~α^μ_{−1}c_1 − α^μ_{−1}~c_1 ) − − i √ 2 ζ_μ(k) ( ~α^μ_{−1}c_1 + α^μ_{−1}~c_1 ) + · · · } | k ⟩ , (B.9)

| λ_2 ⟩ = ∫ d^{26}k (2π)^{26} { − 1 √ 2 η(k) + · · · } | k ⟩ , (B.10)

then the gauge transformations of the component fields in (B.1) and (B.2) become δT = 0 , δ^h_{μν} = ∂_μϵ_ν + ∂_ν ϵ_μ , δB_{μν} = ∂_μζ_ν + ∂_ν ζ_μ , δ ^D = ∂ · ϵ , δS = −∂ · ζ + η , δb_μ = ∂^2ϵ_μ , δe_μ = −∂^2ζ_μ + ∂_μη . (B.11)

In terms of the redefined fields h_{μν} and D, the transformation becomes

δh_{μν} = ∂_μϵ_ν + ∂_ν ϵ_μ , δD = 0 . (B.12)

From these relations, we see that fields in the low energy action (B.5) are surely to be the fields in the gravity theory. Moreover, as we mentioned in the section 2, the field S(x) can be actually gauged away using the degree of freedom of the gauge parameter η.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150];

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

– 20 –

[2] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows from holography supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3 (1999) 363 [hep-th/9904017].

[3] J. de Boer, E. Verlinde and H. Verlinde, On the holographic renormalization group, J. High Energy Phys. 08 (2000) 003 [hep-th/9912012].

[4] M. Fukuma, S. Matsuura and T. Sakai, Holographic renormalization group, Prog. Theor.

Phys. 109 (2003) 489 [hep-th/0212314].

[5] A. Sen, Tachyon condensation on the brane antibrane system, J. High Energy Phys. 08 (1998) 012 [hep-th/9805170].

[6] see for example W. Taylor, Lectures on D-branes, tachyon condensation and string field theory, hep-th/0301094.

[7] P. Kraus and F. Larsen, Boundary string field theory of the DD-bar system, Phys. Rev. D 63 (2001) 106004 [hep-th/0012198];

T. Takayanagi, S. Terashima and T. Uesugi, Brane-antibrane action from boundary string field theory, J. High Energy Phys. 03 (2001) 019 [hep-th/0012210].

[8] A. Sen, Rolling tachyon, J. High Energy Phys. 04 (2002) 048 [hep-th/0203211].

[9] C.G. Callan Jr., C. Lovelace, C.R. Nappi and S.A. Yost, Adding holes and crosscaps to the superstring, Nucl. Phys. B 293 (1987) 83; Loop corrections to conformal invariance for type 1 superstrings, Phys. Lett. B 206 (1988) 41.

[10] J. Polchinski and Y. Cai, Consistency of open superstring theories, Nucl. Phys. B 296 (1988) 91. [11] T. Asakawa, S. Sugimoto and S. Terashima, Exact description of D-branes via tachyon condensation, J. High Energy Phys. 02 (2003) 011 [hep-th/0212188].

[12] A. Sen, Tachyon matter, J. High Energy Phys. 07 (2002) 065 [hep-th/0203265].

[13] K. Ohta and T. Yokono, Gravitational approach to tachyon matter, Phys. Rev. D 66 (2002) 125009 [hep-th/0207004].

[14] T. Okuda and S. Sugimoto, Coupling of rolling tachyon to closed strings, Nucl. Phys. B 647 (2002) 101 [hep-th/0208196].

[15] N. Lambert, H. Liu and J. Maldacena, Closed strings from decaying D-branes,

hep-th/0303139.

[16] K. Hashimoto and H. Hata, D-brane and gauge invariance in closed string field theory, Phys.

Rev. D 56 (1997) 5179 [hep-th/9704125].

[17] B. Zwiebach, Oriented open-closed string theory revisited, Ann. Phys. (NY) 267 (1998) 193 [hep-th/9705241].

[18] H. Hata, K. Itoh, T. Kugo, H. Kunitomo and K. Ogawa, Covariant string field theory, Phys.

Rev. D 34 (1986) 2360; Covariant string field theory, 2., Phys. Rev. D 35 (1987) 1318.

[19] T. Kugo and T. Takahashi, Unoriented open-closed string field theory, Prog. Theor. Phys. 99 (1998) 649 [hep-th/9711100].

[20] T. Asakawa, T. Kugo and T. Takahashi, BRS invariance of unoriented open-closed string field theory, Prog. Theor. Phys. 100 (1998) 831 [hep-th/9807066].

– 21 –

[21] J. Polchinski, String theory, vol. I and II, Cambridge University Press, 1998.

[22] B. Zwiebach, Closed string field theory: quantum action and the B-V master equation, Nucl.

Phys. B 390 (1993) 33 [hep-th/9206084].

[23] A. LeClair, M.E. Peskin and C.R. Preitschopf, String field theory on the conformal plane, 1.

Kinematical principles, Nucl. Phys. B 317 (1989) 411.

[24] D. Ghoshal and A. Sen, Gauge and general coordinate invariance in nonpolynomial closed string theory, Nucl. Phys. B 380 (1992) 103 [hep-th/9110038].

[25] I.A. Batalin and G.A. Vilkovisky, Quantization of gauge theories with linearly dependent generators, Phys. Rev. D 28 (1983) 2567; [Erratum ibid. D 30 (1984) 508].

[26] for a review, P. Di Vecchia and A. Liccardo, D-branes in string theory, I, hep-th/9912161;

D-branes in string theory, II, hep-th/9912275.

[27] Y. Demasure and R.A. Janik, Backreaction and the rolling tachyon: an effective action point of view, hep-th/0305191.

[28] K. Ohmori, Toward open-closed string theoretical description of rolling tachyon,

hep-th/0306096.

[29] L. Joukovskaya and Y. Volovich, Energy flow from open to closed strings in a toy model of rolling tachyon, math-ph/0308034.

[30] S. Ramgoolam and L. Thorlacius, D-branes and physical states, Nucl. Phys. B 483 (1997) 248 [hep-th/9607113].

[31] P. Di Vecchia, M. Frau, I. Pesando, S. Sciuto, A. Lerda, R. Russo, Classical p-branes from boundary state, Nucl. Phys. B 507 (1997) 259 [hep-th/9707068];

P. Di Vecchia, M. Frau, A. Lerda and A. Liccardo, (F,Dp) bound states from the boundary state, Nucl. Phys. B 565 (2000) 397 [hep-th/9906214].

[32] M.J. Duff, R.R. Khuri and J.X. Lu, String solitons, Phys. Rept. 259 (1995) 213 [hep-th/9412184].

[33] W. Fischler, S. Paban and M. Rozali, Collective coordinates for D-branes, Phys. Lett. B 381 (1996) 62 [hep-th/9604014].

[34] V. Periwal and O. Tafjord, D-brane recoil, Phys. Rev. D 54 (1996) 3690 [hep-th/9603156];

I.I. Kogan, N.E. Mavromatos and J.F. Wheater, D-brane recoil and logarithmic operators, Phys. Lett. B 387 (1996) 483 [hep-th/9606102].

[35] S. Kobayashi and K. Koyama, Cosmology with radion and bulk scalar field in two branes model, J. High Energy Phys. 12 (2002) 056 [hep-th/0210029];

K. Koyama and K. Takahashi, Primordial fluctuations in bulk inflaton model, Phys. Rev. D 67 (2003) 103503 [hep-th/0301165]; Exactly solvable model for cosmological perturbations in dilatonic brane worlds, hep-th/0307073; A. Lukas, B.A. Ovrut and D. Waldram, Boundary inflation, Phys. Rev. D 61 (2000) 023506 [hep-th/9902071].

[36] T. Shiromizu, K. Koyama, S. Onda and T. Torii, Can we live on a D-brane? Effective theory on a self-gravitating D-brane, Phys. Rev. D 68 (2003) 063506 [hep-th/0305253]; T. Shiromizu, K. Koyama and T. Torii, Cosmological constant and gravitational theory on D-brane, hep-th/0307151.

– 22 –